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I {(Numerical linear algebra)

Consider the linear system, Ar = b, where
2 —1 0
A= -1 2 -]

and
b=l - 1.3V

(a) Use Gaussian elimination 1o obtain the decomposition
A=LDL7

where L is a unit lower triangular matrix and D is a diagonal matrix. Skow all inter
mediate steps as well as pivol elermnents and multipliers. (10 pts)

{L) Find the first two iterations of the Jacobi and the Ganss-Seidel methods for the
. S . o) RO P Ty
above linear system, using the initial vector, [ 4 Ly = 10,0,07 (10 pus)

{c] Prove the Jacobi metiod applied to the aliove system will couverge for any initial
O R T . . . .
vector, (3", &5 23T I you use any theorem in the proof, please state that theorem

COl’I’lplUtﬂl}" (ID p[:s)

2. [(Numcrical Differential Equations)
{a} Assume that w € (Pzg — A,z 4 h} Use Taylor's theorem to derive the scaond-order
central difference approximation ‘or the second derivative of ulr) at @ = 1y, including
the error term, for b > (

Wy — ulag +h) = 2u(zg) + ule, — b A2 o
L) = —— - - *

B VR )
where £ € (oy — b,z i (10 pes)

(b} Solve the following Lwo-point boundary value problem:

{ Wt A =0
L u{ly =10 ullj =1

for u(1/2) approxiuiately using Formuly (1 with A = 1720 {10 prs)
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3. (Numerical Integration)

{a) Verify that the polvnomials

mizy = 1
p{z) = z
plr] = ' —173

are orthogonal with respect 1o the weight function wiz) = 1 on the interval [=1.11 (10
pts)

(b) Pind the Gaussian quadrature formula for 7= 2 on the interval {—1, 1} with the weight
function wiz) = 1 (10 pts). That is, find the, werghts o; and the wodes 1, for the formula

/ flrri:r~ )

e l

What is the degree of nrecision of this formula” (5 pts). Write down the corresponding
rule for an arbitrary wterval {a, ] {5 pts).
4. {(Interpolation’}

Consider the tabie

{a) Find the Lagrange form of the interpolation polynomial of degree 3 passing the ponts
given in the above table. (10 pis)

(b) Redo part (a) by using the Newton form of the interpolation polynomial. (10 pis)




