Analysis

1. (Arithmetic mean > geometric mean)

X1, To , o xp >0, a1, a9, -+, ap, >0, a1 +as+ -+ «a, = 1. Show that
a1 + oy + -+ -+ g, > x]t g atn,
Proof :
f(z) = —Inx is convex on (0, co)
1 1
(- fl(x) === = f'(v) = - = f(x) is convex )
x x

= fla1z1 + oz + -+ apey,) < arf(xr) + - + an f(zn)
ie. —lnz(aqzry + asxe + -+ apxy,) < ai(—Inzy) + - + ap(—Inxy,)
— —Inz(azy + ary + - + apry,) < —In(xf?zg? - adn)

n

— Inx(a121 + aoxe + - -+ + @pxy,) > In(zftag? - - - xom)

= T+ Qalo+- - FapT, > x]tay? - xtn O
2. A(iy,i9, - ,i,) is a nonnegative integer for iy = 1,2, -+, n,

io=1,2,---,n, - iy =12 n.  (m>2)

Let

S(ay,ag, -+, ap) = ZA(il,ag,--- , Q)

i1=1

+ ZA(a17i27”' 7am)

i2=1

+ Z A(a17a/27"' 7Zm)

im=1
Suppose S(ay,as, -+ ,a,) >n whenever A(aj,as, - ,a,)=0

n n n
Let S=3 > o> Alir i, ,im)

in=lig=1  ip=1
nm
Show that S >
m+1

Proof :
Forany k£, 1 <k <m,

ZZ Z ZA(C“"" ik )

a1=1as=1 am=11i;=1
n n n n n n n
— E g e g g E E E A(alj...’zk,...’am)
a1=1az=1 ag—1=lap=1lag;1=1 am=11ip=1



a1=1as=1 ak—1=1

a3 S S A i)

Z Z ZA(‘“"” kst )

ap+1=1 am=11i=1

a1=1as=1 ak—1:1 ak+1:1 am=1 ikzl
=ns
n n n

. ZZ...ZS(al,ag,--~,am)

(1121 a2:1 am=1

=D 5D DIED 3D SRS

a1=1as=1 am=11i1=1
D DA
a1=1as=1 am=11i2=1
+
DIDEDID I
a1=1az2=1 am=11im=1
(. by def of S(a
= mnS ------ (1)

Let Z = [{(i1,- -+ yim) + Alin,-,

Then S+ZZZZ"'ZI

a1=1as=1 am=1

aryig, - Q)
(a1, a2, -+ ,im)
1,Q2, " 7am))

im):OH

(why?)

|



n n n

ZZ'“ZS(&““"CL’”): Z S(ag, -+, am)
a1=1as2=1 am=1 (al,"' 7am)
_ Z S(ar, -+ am) + Z Slay, -+, am)

A(alv“‘7am):0 A(ala“'aam)#o
> Zn + Z mA(ay, -, am)
A(alv"'va'rrL)?éO

( - assumption and (3) )

=Zn+m Z Alay, - am)

A(ay, - ,am)#0
=Zn+m Z Alay, -+, am)
(alv"'aam)
=Zn+mS
> " =S)n+mS  (.(2))
=n"" 4 (m—n)S ------ (4)
(1), (4) = mnS >n™" + (m —n)S
= (mn+n—m)S > nmt!
m+1 m+1 m
= S > " > i = i U

mn-+n-—m mn +n m—+1

. Definition: If r > 0, f: R — R and f(z + 1) = f(z) for all x € R, then f is function
with quasiperiod r.

Suppose r > 0, g : R — R such that g(x + r) — g(z) is a function with quasiperiod 7.
Assume that g is a bounded function. Show that ¢ is with quasiperiod 7.
Proof :
Suppose |g(x)| < C for all z. g(x +r) — g(x) is a function with quasiperiod r
—= g(x+7r)—gz)=g9(x+2r)—glz+7r)
=gz +3r) — g(x +2r)

=gz + (n+1)r) — gz + nr)
= n(g(r +7)—g(x)) =gl + (n+1)r) - gz +r)

S|

= (9(z +71) = g(x)) = — (g(z + (n+ V)r) —g(z + 1))

= (gl +7) — 9| < = lo(a + (n 4+ 1)r) — gl +7)
<Ly
— g(z+r) = g(z) for all = O



4. Leta>5>0,f:R—>R,and%:Twherem,neN.
n

Suppose that f(x + «) — f(x) is a function with quasiperiod [

Show that

(1) f(z + na) — f(z) is a function with quasiperiod o — 3

(2) f(x +mn(a— ) — f(x) is a function with quasiperiod a — 3

(3) f(z) is a function with period mn(a — ) if f is a bounded function.
Proof :

Note : f(z + a) — f(x) is with quasiperiod

=  f(z+ ) — f(z) is quasiperiod a (why 7)

Hence f(x + a) — f(x) is with quasiperiod m/(
f(z+ B) — f(z) is with quasiperiod na (why 7)
= fl@+a)-f(2) = flz+at+mf) - flz+mp)
fle+B) = f(z) = flz+ B +na) - f(z + na)
=  flr+a)— fz+0) = fle+a+na)— flz+ 5+ na)
— fz+a—-0)—f(z)=fe+a—F+na)— f(x+na)(. replace x by x — ()
= fle+na) - f(z) = fle+na+(a—pF) = flz+(a-0)
—  f(x+na) — f(x) is a function with quasiperiod o — [+« vovvnenenes (1)
—  f(x+ (a—p0)) — f(z) is a function with quasiperiod naw = m/ (. Note)
—  f(x+ (a—p)) — f(z) is with quasiperiod mna«
flz+ (o= B)) — f(z) is with quasiperiod mng
= f(z +mna) — f(z) is with quasiperiod o — (3
f(x 4+ mnp) — f(x) is with quasiperiod a — (3
—  f(z +mna) — f(z +mnf) is with quasiperiod a — 3
= f(z+mn(a— ) — f(x) is with quasiperiod o — [+ -+ cvovreeeenn. (2)
= f(z+mn(a—pF)) — f(z) is with quasiperiod mn(a — [3)
—>  f(z) is is with quasiperiod mn(a — ) (".* f is bounded and apply problem 3)

.......................................................................... (3) O

5. Let n and /¢ be integers such that n > 2 and ¢ > n + 1.
Suppose that A, Ao, A\_1,mq1,mo,- - - ;my are nonnegative numbers such that A\; >
)\22 ZAn,17m1 Z My 2 oo 2 My 2 -0 2 1Yy and

l

k
Zmi < Z)\i(n—i) for k=1,2,--- ,n—2.
i=1



Let m} > mj > --- > mj_; be a rearrangement of my,ma, -+, My_1, My + Mg, My 11,
Myto, -+ ,Mmy_1. Then

/—1 n—1

Z m, = Z Ai(n —1) and
i=1 i=1
k k

Zm; < ZAz‘(N—i) for k=1,2,--- ,n—2.

i=1 i=1
Proof :
=1 ¢
The required equality follows from the fact that > m, = > m;. Now we prove the

i=1 i=1
inequalities. Suppose that m; = m,, + m, where t < n. We can see that

, my,  i=1,2,- t—1
mi—1, Z:t+1,t+2, , n.

J J
Suppose, to the contrary of the conclusion, that Y m! > > X\;(n — i) for some integer

=1 =1
J where t < j <n — 2. Then

2m,,

Hence m, > Aj(n—j)/2.



Then

-1
Z)\i(n —1) = Zm;

J n
> > mi+ > m
i=1 i=j+1
7 n—1
2 : / § :
i=1 i=j
>

ng—l— (n—j)my,
> Z)‘i(n_i)+)‘j(n_j)2/2
Z)\i(n—i)+)\j im—i)

i=j+1
n—1

> 3 Ni(n—1).
=1

v

n—1 n—1
Thus we obtain Y A\;(n —i) > > A\;j(n — ©); this absurdity confirms the inequalities.
i=1 i=1

OJ

. An object is moving to the right on the real line. Let u(s) denote the velocity of the
object at the position s on the real line. Then the time needed for the object moving
from position s; to position sy (51 < s3) is

59 1
/ ——ds.
o u(s)

Proof Let s(t) and v(t) denote the position and the velocity, respectively of the object
at time ¢. Suppose that s(t;) = s, and s(t3) = sy. First assume that u(s) # 0 for
s1 < s < s9. Then

[ e / )

And t5 — t; is just the time needed for the object to move from s; to ss.

Next consider the case that u(s) = 0 for some s, s; < s < s9. For example, u(s;) =0



and u(s) # 0 for s; < s < sy. Then

S92 1 So 1
/ ——ds = hm
S1 U(S) 3/_‘5 (S)
= hm+ t2 —t' (where s(t') = &)
= lim t, — ¢/

t'—t}

:tg—tl.

This completes the proof. O

. Two cars left city A at the same time and moved forward along a straight highway
which connects city A and city B. These two cars arrived city B at the same time.
Show that there must exist someplace (neither city A nor city B) on the highway where
two cars had the same velocity.

Proof Let Cy, C5y denote the two cars. Use the interval [0, 1] to represent the straight
highway which connects city A and city B. Let uy(s) be the velocity of car C; at
position s (0 < s < 1), and uy(s) be that of car Cy. Assume that both u;(s) and
us(s) are continuous functions. We need to show that wu;(s) = us(s) for some s with
0 < s < 1. Suppose, to the contrary, that u,(s) # ua(s) for all s with 0 < s < 1. Then
either 0 < wuy(s) < wa(s) forall 0 < s <1 or0 < wus(s) <wuy(s)forall 0 < s < 1, which
implies that

either fo ol ds < fo u1(s ds or fo o (S ds < fo e

Using Problem 6, we see that the time needed for car C'; to move from city A to city B
and that for car 'y are not equal. This is a contradiction. O



