Number theory

1. kl,kQ,T,S € N, k‘l S 2k2.
Suppose that ki|r®. Show that k;|r*2

Proof; :
ki < 2k2,
We have
1 |7’5 ...... (1)
Suppose, on the contrary, that &y frk2 ...... (2)

We will show that (2) leads to a contradiction.
(2) = there exist a prime p and s € N

such that p*lky ------ (3)
PR (4)
(3) = p’lk
=pilrt (o (1))
= p|r*

= plr (. pis prime )

= p°|r®
=k <s (.4))
= pk2 < p*
2 <phr<p <k (0 (4))
= 2k < |y
e kg < 22, O
Proofs :
ky < 2k
= any prime factor of k; has exponent < k; ------ (1)
(. Let py|k1, p1is prime and ky = p{'p5? - - - - p
where py, - -, ps are distinct primes and ey, -+ ,e; € N
Then pi* <2 = e;<ky (p1>2) )
ky|r®
= any prime factor of k; is a prime factor of r ------ (2)
(1), (2) = the result. O

2. (1) Show that 9-2"-10""* + 1 is divisible by 19 for all positive integers n .
(2) Show that the (n + 1)-digit
Uy a1ag (= a, 10" + -+ + a110 4+ ag ) is divisible by 19



if and only if 10a, + an_1 + 2ap_o + 4a,_5 + - + 2" tay is.
Proof :
(1) Prove by induction on n .

The case n =1 is trivial.

Suppose 9-2"-10""! 41 is divisible by 19 .

Then 9-27t1.10"+1=2-10-9-2"-10"' +1

=20(9-2"-10"14+1)—19
is divisible by 19 . O

(2) Note that
a4, 10" + -+ +a110 + ag + 9 - 10" 2(10a,, + ap_1 + 2052 + 4a,_3+ -+ + 2" Lay)

n—1 n—1
=19-10"1ta, +19-10"2a,_; + > 10" a, 1., + > 9. 102 2™ qa,_q
m=1 m=1
n—1
=19-10"1ta, +19-10"2a,_; + > 1on-t-m (1+9- 10m-t. 2™ Gy 1—m
m=1

is divisible by 19 (- by (1), each 1+9-10™"!.2™ is divisible by 19 )

Thus a,10" + --- 4+ a110 4+ ag is divisible by 19
& 9-10"2(10ay, + @p_1 + 20y _9 + 4a,_3+ -+ 2" tag) is divisible by 19
& 10ap, + apq + 209 +4a,_3 + - -+ 2" Lay is divisible by 19
(-2 9-10"2% and 19 are relatively prime ) O

. Let e,1,n be positive integers such that 2e|(e + 1)In and 2e|in?. Show that 2elin.
Proof :
Case 1. e is even.

Since ged(e,e + 1) = 1 and e + 1 is odd, we have ged(2e,e + 1) = 1. It follows from
2¢|(e + 1)In that 2e¢|ln.

Case 2. e is odd.

From 2e¢|(e + 1)In, we have e|ln. From 2e|ln?, we have 2|in?; hence 2|ln. Combining
elln and 2|in, we have 2e|ln since e is odd. d



